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Geometric Characterizations of Spirals or Isometric Projection
about Pythagorean Theorem and Standard Normal Distribution
— Modeling with Triangles, Squares, and Similar Metallic Ratios —
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Abstract

We can describe drawings created using spirals or isometric projections about the standard normal
distribution by incorporating triangles, squares, and circles. We can reconsider Archimedean spirals and
logarithmic spirals on the basis of the Pythagorean theorem and the standard normal distribution with respect
to certain Kepler triangles. We can then suggest a hypothesis regarding the spiral orbits and propose ratios
similar to the major metallic ratios and the platinum ratio for Archimedean spirals. By applying the said
ratios to logarithmic spirals, we can obtain results that are identical to those obtained by considering the
major metallic ratios (including the platinum ratio) on the basis of some well-known sequences. Furthermore,
images based on the concept of squaring the circle can also be illustrated to apply isometric projections.
From geometric and isometric viewpoints, one heart shape and twelve diamonds are shown at the meaningful

probability points of standard normal distribution.
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1 1, 21
#0) = —ewp (- 5?) 2.1

ERILT D, T ORENABEEIL
d(u) =f ¢(z)dz (2.2)

ERFET D, FFICKEH LD LD TIEH 5723,
WEHLEZOWHLE, ¢ ° O TRETHI L
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OxREHFET 5. ARBFFEOFREIR CHEHE E B AR O
FREE S u=k 28

(u =k =)kg = 0.7931383 - (2.3)
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R u=k ETCOHRMEL =ABDOIKL L RDHN—A
EEBZDHZENTED., bbb, BOEEHIDM
FIL 1:Pk) THRYE, BHEHER Ok) X HoREN
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Square of hypotenuse = k(1 + ®(k)?)  (2.12)
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Kepler triangle Hosoya's triangle ¢
P - k) =13+ 80() e gl g0 wiwor? | 10
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s 5 D(k)~ =+/8+50(k)’
(k)" = 8+ 5000 ® D0k} n-g “ o o
Powg,.
(D(k)* of o
D) =[5+30(k) ot Pascal's triangle
ote:
8 _ 6 4
O(k) ™ =4[5+30(k) O = @A+ Generally, ¢ is an inverse golden ratio
(k) o) =33 200" and @ is a golden ratio when we think of that.
» . . However, we consider ¢ as a probability density function
O(k)” =3+20(k) o®" SEE=HE"+ o(E) of standard normal distribution
D) =21 10() O(k)? =2 +10(k)* and @ as its cumulative distribution function in this study.
Ok 20(*k)” + (k) That is,
B k) D = ;
(k)" =1+ 10(k)’ (B =1+10(k) 1 1 u
k=k,=0.7931383-- () @ D) D) +O(k) Pu) = exp(*—uz), D(u) :I #(2)dz.
o 5 |o@®’ O =1+ 00 (k) v2r - -
Dlk,) ™72 = D)™ + D(k) 2 PE =00 g, " VO
[0 k 2" k 1 = k 3 .
®(k;)? =1+ O(k,)* = Golden Ratio o) = o+ 1000 |26 o Q*) =y0+10(k) There 11?1ght be
DY = 1-10(k)° P& (k)" =1-1D(k)’ something important messages
N k)’ = /-1 1 20(%) VUL D) about standard normal distribution,
o) = 2300y @®° golden ratio, and famous triangles.

(10) 1D)  Reuleaux triangle
k) + kD (k) = k\[1+ O (k)
: i k=0.6435087 -
- 4 . . k= Jpk)PE) + 2kD(R)
kg =0.7931383--- 5 N FPE)” = k(L+P(R)) \ R
A i T NN\ AL
” \/,%/@’\‘\ 1-®(k)?
\ I\

VN
4 1\

Relations of Golden Ratio, Phythagorean Theorem,
Standard Normal Distribution, and Kepler triangles :

Ok 1+ D(k,)* =1 (ke =k, =0.7931383--) -
®(kg)” =1+ D(k,)’ = Golden Ratio = M

Refs. 2

Kepler triangle: https://en.wikipedia.org/wiki/Kepler triangle (Access Month: September 2020).

Reuleaux triangle: https://en.wikipedia.org/wiki/Reuleaux_triangle (Access Month: September 2020).

Pascal's triangle: https://en. wikipedia.org/wiki/Pascal%27s _triangle (Access Month: September 2020).

Hosoya's triangle: https://en.wikipedia.org/wiki/Hosoya%27s_triangle (Access Month: September 2020).

Isometric projection: https://en. wikipedia.org/wiki/Isometric_projection (Access Month: September 2020).

Gary B. Meisner, “The Golden Ratio: The Divine Beauty of Mathematics” , Race Point Publishing (2018).

S. Nakanishi and M. Ohnishi, “Rotationally Symmetric Relations of Standard Normal Distribution Using Right Triangles,
Circles, and Squares -Ordinary Differential Equations, Pythagorean Theorem, Equilateral Triangles, and Golden Ratio -
(Theory and Its Application of Mathematical Decision Making under Uncertainty and Ambiguity) ~ ,
RIMS Kékytiroku, Research Institute for Mathematical Sciences (RIMS), Kyoto University, No. 2158, pp.171-183 (2020)

M—1 ARHFFEOREEB O
Fig.1 Important Keys to this study

k=ky;=0.7931383---
about the cases of (1A) and (1C)

k=0.6435087---
about the case of (1D)
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-(VTHmrow)
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(2.14)

2 g B AREIRE CTd D LG AT > TV 5.
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SOZH u v OHILDORERIEE LT ED
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YD, ETo, HAkO X S ITRN RS EEN
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2:1 Pascal, Kepler, fiXEN=AMLEERLL
ERAPMOBERIZONT

M—1 D(1A)TlE, Kepler (77 7—) O=f 9
DR D DERTAL TWND.

T b, —1 O(1A)TIXHE 2V ORI Z FlR
L7z, =209 b0 X T7 AOEENKY
NEO—RTE R SN T ENRSZ N L EEE
L, #7220 DIEN D E ST 5. 2, K—1 D(1A)
DY-FHos, Ri2.5)% 7z Kepler ® =21

q)(kc)_Zj_z = cb(ka)_Zj + q’(kc)_2j+2
ks =0.7931383 -

1+ ®(k;)? = Golden Ratio (2.15)

72 YRR O BRI AL D L.

DEHTHS.

K—1 D(1B)Tl%, Zi1% Pascal (/XAA/L) D=
A VL MRO A CIDTRALTND. ZDK
WZiE, ZHESMALIERSMISESSBE L, £2
(2B D Fibonacci (7 4 AT > F) #51 Do BIRMN
IRENTWD. ZOBMRIFIEM AR ICET D HE4ek
ORE DRNEBTE D, 0 L NSEMARE FIC 7
BEDOHLHXE L TR OB DOE O E I E OFn
L0, BERAIITER (FA) BIEOHEL KR T
XHZ ELE®BETS.

ZITE, jOIHMEE

2:2  Reuleaux D=AFEPZTDE=ZFAR LIZEE
HomoERIZONT

EEIL, ZhETICRQS)TRIEREZRAL,
A(2.15) TRL SN D FREH—1 DAC)HZKR LT
W5, ZhUE, Kepler D =AENLEITS., ZD7-
W, AR ERMICERE KT 2RI 2
ENETE S, LT, Z0EZ 2 REEED
FHEMEE LT, HICY1+®(ke)? ° 1+ 20(ks)?
DR TEDLZ AR LI V. ZOFIRAARD
APEOEETH 5.

[FERIC Z DB X T 2L 5 &, [{—1 D(1C)IZX
AT DX DI, HAeHICEE T DR ER A O
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Lou 1 k= (kg =)0.7931383 - TH5H. £7-, WFZER A & L CHFE L= RIMS2158-20VD/AF K
Z OELAN O R T b EER KM PRREO B %T«m Reuleaux @ AL MZE L7ZF/RTH
D 2D HO—2OEFERIL k = 0.6435087 - 5. £, ZO—1 OUD)TIL, E=AFEN K

THoD Y. ZOMERETIE, K—1 0D RTEYE ERBPTE X TT AOER WLV KAEY 1D
IE%%’VFEJ: Reuleaux (JL—12—) O =K (DKW LRI CHABOEMA =AENRHEIT 52 L& LT

\ZEEFR L7 IE=AF) "0 5. Z OERIL, 5. RO EFHEDK DTIEHEMAR L TV RN
zm E DOEMTEEERSMAICE=ZAEIHT 00E —1O1C) & FRRIZHM—1 O(D)D AT ESN & L

Generally, ¢ is an inverse golden ratio and © is a golden ratio when we think of that.
However, we consider ¢ as a probability density function of standard normal distribution

and @ as its cumulative distribution function in this study.

That is, k=k,=0.7931383- - U~ N(0,1%)
o(u)= \/_ ——exp (—lu ] O(u) = j #(2)dz. about the cases from (2A) to (2C) V ~N(0,1%)
2A 2B D
@) (2B) ST Pa >
A X
P\ ‘
§ 2§
§ fi: A :
~ & |
& + k =k, =0.7931383
5 o
o
-@D u
””” J k@) —k;=-0.7931383---
//
7 : ¢ Standard Normal Distribution and Kepler triangles : ,* o(v) Y
e ) ) 4 / D(k, )\/1+(D(k ) =1
e & & Dk, sk, =1 (ok=k, :0.7931383---)/// / @ G i .
: § E —2 2 - 1+\/— // /f 1+(D(kG) :(D(kg)
s P(k;)” =1+ ®P(k;)” = Golden Ratio = vl | 2 4
= S 2, / 240k, ) =0(k,)
/
] L5 \\\\ / li
AV —kg ka
/ Second order linear differential equation
4 253 . . .
7 Olkg)” =L+ O(kg)") of standard normal distribution:

=1+ Ok, f)#(l FO(ke)")
d’hp(u)  dhp(u)

o +u————=—h,(u)=0
T Dy i an p (1)

(I)

_ 1*‘?(?5 : basedon  h,(u)= @) +ud)
1-®(k,)’
T By d(u) D)
d’h,(u
2 — g

The area of the light green square is x/ngZ.
If ®(k,) means a cumulative distribution function
of standard normal distribution

and its probability point &, = 0.7931383---,
1+ 20(k,)* =+/5 or 1++/5=20(k,)>.

M—2 ©X a7 AOEHICLHMHERO o BB LIIREDOE X7
Fig.2  Concept of Spirals using Pythagorean Theorem about Ratio or Probability
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MO ZxFLE LTV 5.

3. REBURREADLIE L TORERDEA

RECTHEDY 5 WL, EEOTEH ab,c & HW
7= Archimedes (7 /L% A5 ) OUgJE 3132

r=a+ bl 3.1)
& g e

aVve (3.2)

-
I

DOHFFNALE T D%

r=+a®+ b?0 3.3)

T&d 5. Archimedes DURFED —HRTE D

1
r=a+blc (3.4)

THHDT, ZOFO—RIIFTENTNDINE LN
RN L, HRED—FEE L CERY b CTE o
H L, BIRMICIE, 0 2% n (KR Tk
n=—1/0(k)Z - THEOLETD F>TARL
TW5) ERFELEL, AfEREDS u=k &5
FEHETEHL A0 O AFE A BEE D 5 o(k)? & DOFF
WEOVRRLTWD., F7, EEOM IO —F
D)2 #HWD FEL, XGBI)OFEAEFTIRT S
WITRZEHFRE D L.

22T, K—=2 Tt KT ED = AT DEID
HER—ZAL L CEORIZER LTI E (K—2 @

QA EZI), TORNIIZ

2
= 1+n(g)=,h+n¢@y (3.5)

HL<IE (K—2 D(2B))

r, = /1+n(§) = ’1+nﬁ (3.6)

EERFLETIENTED., ZORED (b/a)? DLt
1, RQADITRT LD ICHEEDO —F w? = d(k)? =
(b/a)? LT 50, b LITZOHHD _F w? =
1/®(k)? = (b/a)? & L THWDPPREET, X—2
DQRA)E CBZIZ B D 72 12 Z 4 & i 7 DX % 5]
ARLTWA.

F72, [M—2 DO, R(3.5)EKE.6)FIEHL
7= Kepler D =MIRIZ L H X T ADER L Z D8
FlOHR AL
k(;2¢(ka)_6 = kcz(l + cb(ka)2)3

= kcz(l + ®(ke)?)? + kcz(l + ®(kg)?)

2
’ 1 2
= kGZ 1 +m + kGZ\/ 1 + CD(kG)Z
G

2 , 14+ @(kg)?
¢ 1-d(ke)?
3.7)
ZHRLTWD. ZO[HAEIEE—2 DQRC)D =AFD
BENHBULH L T Frfa TRITERR & AEN R
A
ZDOZEIZONWTE, AMMETH LA TEH S
@%@—%ﬁ%ﬁﬂ_ﬁéﬁ%+ ICHGEECT& T
RN LD, R L E L TTiE e < WF5E
‘—}\&Lffiﬁﬁ‘jkfb‘é B 5 5eE i,
(35 EGODINH LMFEL TW & 720, FAIRFIC
WA A BT HDAEMEE A L OMESRS kg =
0.7931383 -+ ZHW\T, [X—2 IZR7 L 2 1ZHiE & %
BN L RATE 2K L S hniifte o7 b
KM OMEMEE SE DI CTHRREERKOE S &
Eikg TIEEEES A2 EAICEE ST, X3.5)
EKB.6)IT LD =ATE DKL D IR DE 2 FRGEE L
TW5.
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/ NQ\N“
| X
i \Q
(BA) { A 3B)
D .
«  Kepler Triangle
2 x 12
kg (1+ @(ky)) = k@ (k)
u
kg 2+ @) =k (1+ ©(k)?)’) k(14 Dk, )) = kD) g Wk ok,
= ko)
/ // ] h,(v) = ¢(v) +vD(v)
4 / dh,(v)
2 # ! SRR L
V ~ N(0,19) /, // T [oIE))
/ / 2
; / dh0) _ iy
L v’

/// I
/ |
s/ 1
4
;D
’ e
i / X
/ V4 \\ﬁ
(30) . 1 N (3D)
kg ®(ks) f yas
; AW
1]
JI -
k@ (k)™ kgt x1?
u
4 _J szq)(kc; )2
yd / f 2 4 V4 | 2 -2
/ Il kG q)(k(;) s / kG q)(k(;)
V4 / =k O(k,) + k Ok,)° yd / =k, O(k,)" + k, O (k,)*
// ’, // ’I
Ve ! s/ !
v 4
/ / \@@ 25k, D(k,) , Vs N&@
I 4 X 2 2 1 / X
i / D =2xk; (1+DO(k,)") | P D
GE) / 7 N (3F) / y/ ,/Q\
I, Y \Q / Y \\\
| A\ | A\
kg @ (kg)™ 1 )
=k, 2+ D(k,)) [ ‘ ’ ‘
2 2 u ! “
/) _J kg ®(kg) // 2
Ok) " =D(ky) " +D(k,)’ /
j Ok )1+ D(k,)? =1
¢ / 1+ @k, ) = D(k,)”
2+ D(k,)* = O(k,)™

r Ok) +O(k,)’ = D(k,)”
D(ky) " +D(kg)" = 2x D(k,)~ /

| 2+0(ks)") + D(kg) =2x (1+ q)(kc)z)’/

//
1
Generally, ¢ is an inverse golden ratio and @ is a golden ratio when we think of that.
However, we consider ¢ as a probability density function of standard normal distribution
k=k;=0.7931383---

and @ as its cumulative distribution function in this study.

That is,

1

N

pv)=

Fig.3

exp(—lv2J, o) =" §(2)dz

X—3
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1

®(k,)* =1+ D(k,)’* = Golden Ratio

about the cases from (3A) to (3F)

2 DURIE D A= ERIMEE & WRKEHLIE DR
Geometries of Spirals using Pythagorean Theorem about Ratio or Probability
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Theodorus spiral about the probability of standard normal distribution,  These areas by number n(= -1,0,1,2,-- )

D(k,) =D(0) =1, is invisible ft
(k) =) =1, 1? .1nv131. e4 orus about this condition are equal to \/ 1+ n®(x)* x \/l + n®()?.
because the probability point is shown as &, = co.

]
i 4% |

Theodorus spiral by using squares.

x+17

wcmoo) wq)(w
@ iy

\: 16+4=2x10

1+ (1= 2)® (@) x/1+ (1 2)D(w0)
1+ 1+ 2)D(@)* x\[1+ 1+ 2)D(e0)?

9+1=2x5
=25 1+ (1 +0)D(0)? x 1+ (1+ 0)D(o0)?
1t (4~ D)D) x 1+ (4 - 4)D(0)? J149 = 6)D(0)? x 1+ (9 — 6)D(e0)?
1+ (4 + DD(0) x 1+ (@A +4)D(c0)} 1+ 0+ 6)D(0)? x 1+ (9 + 6)D(o0)?
=2x 1+ (41 0)D@) x 1+ +0)D@)  =2xy1+ 9+ 0OD) x 1+ (9 + )P0y’

Generally, ¢ is an inverse golden ratio and @ is a golden ratio when we think of that.
However, we consider ¢ as a probability density function of standard normal distribution

and @ as its cumulative distribution function in this study. .
Case n=x

That s, . J1+ (2 = 20)@(k)* x 1+ (x* - 2x)D(k)?
) = \/;_;; exv(—%uz), o) =" H(2)dz. y= 2"(: EJ +IT (7 +2000) x1+ (o + 20)0(k)?
w=0(k) =2x\1+ 2°O(k)* x/1+ x*O(k)*

based on

Ok =1, ky=oo

JI+ (= p)w? s 14 (n — y)w?
about the cases from (4A) to (4E)

w1+ (n+ )07 x\J1+ (n+ y)w?
=251+ mw? x 1+
B—4  ARFIZ K DX 3 OBRSED KT F I MEE D — i
Fig.4 Geometries of hypothesis of Spirals using Pythagorean Theorem about Ratio or Probability
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#—1

T TR & ARROFRV LI T 5 =R S O BR

Table 1 Major Metallic Ratios, Platinum Ratio, and These Related and Proposed Probability Points

Proposed Equations Related Ratios Squares of Probabilities about Related Ratios
D (ko)1 + Pko)? =1 n=0 - ko = oo P(ko)? =1
D(ke)J1+ P(ke)2 =1 n=1 Golden Ratio ke = 0.7931383 - ®(kg)? = (Golden Ratio)™?
D(ks)y/1 + 20 (ks)? = 1 n=2 Silver Ratio kg = 0.5449521 --- Dkg)2=1/2
D (k)1 +3P(kp)? = 1 n=3 Bronze Ratio kg = 0.4096890 --- ®(kg)? = (Bronze Ratio)~!
D (kp)y/1 + 6D (kp)? = n==6 Platinum Ratio kp =0.1951194- | ®(kp)?=1/3
Dk 1+ 120(kp)%2 =1 n=12 — ki, =0 @ (k)2 =1/4

Note: This suggestion is different from that of the true metallic ratios. Because the platinum ratio is not a member of

the true metallic ratios.

4. HEEFBRAORBUIZEOHE

X—3 D(3A) & (3B) T, 2 41 Kepler ® =D
HHRESEHINTWS., 22T, M—3 DBA)E
GBB)EZERAEDLETH—=3 DAEC)ZHIRTDH. Z Dk
B, K—3 O@BD)D L I —ot&Eﬁ%%%%
5., ZOZELFIREEETHS. T7obb, X
—3 OBE) L GRICHi< BV DIE LB Tt 4%
HDOENENDOEFEOEBMOFNLTRD K 5 728k

2+ ®(kg)?) + P(kg)? =21 + (kg)?)  (4.1)

HHNE, X ITTZAOTHD 2 LxERGHET-

JZ T 00D +dUh)? = 2T+ Dhkg)?

2 2
based on+/ (2 + ®(k;)?) =12 + /1 + d(k;)?

and 12 + /@ (k)2

= T+ o(ko)2
(4.2)

LIRTZENRTEL., ZOZEEIEHALE L X,
—1 OAC) & H—2 OAC)Z /R Rk D IE S TE DO

FEIT VSke? I LWZ LS. BlZIE, Mogi
IX 394, Wikipedia (225272 2 3EBIX 2 AR LT
D.

4-1 HERERAORHBREONEICET HRHED
B k41

K@ 2)DOBRAIE, EIXK—3 72T Tid7e <, B

HPECHEARETH S, HIIE, EHEEHSMOR
FEMEED P(0) =1 OEFREZHEL, X—4 D4A)
& (4B)IZ7~”J Theodorus (7 4 K R) ORfE 30Tl
TEOTHRETHROMICHEEL A A =TT 570 61F
ZOHMTHHNET D, PFTHERAVDIE, M—4
DAC)H> 5 (AE) THED AL D L 9 IZIREE D BIE X D 28
{BIZ—EOBBIBERETE S, Thbb, KT
RLTERQINTESEHRAD k=ky=0 |ZX
D X—4 D4C)H> 5 (4E) THi < 56 O BARRY 72 4K
WZxt LT

(1+ (x? + 2x0)P(0)?) + (1 + (x% — 2x)P(0)?)
=2(1 + x2d(0)?) (4.3)

ThH. R@A3)EERTHEOICRQI)TRALE
y = 2x (= Z—:) Th

13, & D75 PRRCRGE A Fi L

KX, k=ky=00, n=x?

5. BURSD %5
TIEL V.

4-2  FEEREAOREBIREDHE/NEER

L AT, 441 IZHIR L7218 Y Theodorus DHRNE
X, ERZLE L TELETHRLIE, “AFDEKD
RN % 1 IZHEETD d(o) =1 OBEITHEY
T4, AT, n=-12KAT5H L

J1—=®(0)2 =0

Lo Z kT n. Thbh, 4.4 (Q2.13) &k
L C, BIEDHEE ISR n> —1/0(k)? F THH
SNHZLICRD., TOZENERT LI ELBIER
T 5.

(4.4)
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INLETEEDTHEULOREEZITS.
2T, Bt L@ 2 HET 5.

(k)1 + nd(k)? = 1 (5.1)

TR MG & B X 7 ADERR LIRS L O X 11
v Case: n=1 v Case: n=2
(54) —kg —k (5B)
Ok W1+ D(k,) =1 D1+ 20 (k) =1
k5 =0.7931383--- 4 kg =0.5449521- -
kG
0
- Spiral using golden ratio andu Spiral using silver ratio and
standard normal distribution — standard normal distribution
kg el S s
14+ ®(k,)” =1.61803398.-- (Golden Ratio)
1+20(k,)? =2 e
L/"‘/ 1+3®(k,)’ =2.30277563-- (Bronze Ratio)
1+6®@(k,) =3 U~ N(O,12)
J1+® (k) =1.27201964---
v I+ 20(k,)? =1.41421356.-- (Silver Ratio) M
ke kr J1430(k,)? =1.51748991 s ks
D(kp)y1+ 6D (k,)? =1 . D(ky)\1+3D(k,)? =1
(k) (k) J1+6®(k,)? =1/73205080.-- (Platinum Ratio) (k) (5s)
k,=0.1951194- - P k, =0.4096890---
Spiral using platinum ratio and /// . Spiral using bronze ratio and -
standard normal distribution el T standard normal distribution
n=3
u
Note:™ -~ Case: n=6 © =~ e — —k
- 7 P . — B
Generally, ¢ is an inverse goldlen ratio and @ is a golden ratio when we think of that. Case: n=3
“However, we consider ¢ as a probability density function of standa{d/ﬁ(;rmal distribution
and @ as its cumulative distribution function in this study. - P
N y. If we think that &, =0, Proposed Equation :
at is,
| | we can understand that Ok, )\1+nD(k, ) =1
— 2 — “
P(u) —Eexp(—gu ] O) = Lqﬁ(z)dz O(k,)= OO)=1/2andn=12 | or n®(k,)" + D(k,)’ ~1=0
B—5 HeE & FEo I K 2883 5E D &M s
Fig.5 Geometries of Spirals using Proposed Ratios and These Probability Points
5. ARRBLICELT SO REBIREDHE [ s \
EEOEHL 2 DMER k 2EL, ZoRUTK
Ba Bt D TEae, Ak, HFHLEOAPRIKR SO EE, n X
ERATHD. RIS, A&L29bE, BB
WCBIRWbDDORARED—>Th 5. KETIT, 1— &(k)? 5.2)
P n=— ——— .

@ (k)*

RSN D. AROBRRIIES n 28 E LT
WA TIGEDHEBLZLTNDHN, ZORND DO
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HEIC n FXLTUHIEE LIRS 20, L,
Wiz, FTRokoiz

nd(k)* + d(k)2—1=0 (5.3)

CIEBAL, B on 252 TEMEERDMCED R
fEffe= (Probability) Z RFEDH Z &N TE 5. D
ERICH YT DR ERET k=k, &FEiLLT

k(= k,) = ®~*(Probability) (5.4)

DOIEZERBTEDH LN, Rzl L CEprk
DOEBOFEL 725, F—1 ITRT LIRS K,
OFERT, FEAMOEERLESLAHAL EFELT 5
B2 AT 58EX, k, DIRAFIC n ORD

DICEER IO FELRLOFALTZHNTWND.
EMZ, n=1 25 3 FTIEERNDLOEEE
b T 5 4 (Golden Ratio), H#RLEE(Silver Ratio),
H L (Bronze Ratio) & ORI N—E LT\ 5. Z L
T, 4 FBLRBRIEIBEMOESRBILEIXR D0, n=6
TiE, TNETEHEERBHLICEETN > T-ALK
(Platinum Ratio)?23 = > U —Z LTV 5.

— 5T, WE\Em T A6, K(5.3)EX(5.49)
128D AR & FHILE AR £ DHER SO BT
HERHSOFH L OB e DT L 0 S IEREIC 1
P/ SWVEBEOND Z ERDhos TN,

UL G, AT VA v o R CldkEse
& FRRICHRDONIEFIZTHE A THY, T A D
2RI W TH KRR (1:v2) 28 AR &[R4
ZHWENAZ EITHAMTHS.

HHILL S 78RS OFRC I TEAMOFHE LY
H 1T/ ESNEFOEAE B o TRINTW
LG, RRICRTHEOFHL %A LT
FLREHED D, D=, HEkK & RO BUE OREE
ERELR L TUWD 25, EOEHRREN R 570124
BOHRORGEIIVNETH D, LB -> T, EEMR
ELTARTIHESBLOELLE LTHRYHS =
LT 5. UTFTIE, Roffiiibo=o, HEEld
AL LTI A, AR, FHHb a2 HIC
E&RELE LCHHICHNS Z 03 5.

Bt _R&EmeLTin=12 TIE ®0)=1/2 &
TR DRERNT ki =0 &7

L7=MRoT, n=0 [ZBWT, 13 HOMESRSOMp
WNBHDDEMN, H>H—2IF, HREN ky=0 &
2D BIEERIT d(0) =1 D72, n=0 L7425

R BESR A AT 5. FEERIZIE, BAREITY TEE
5120 n REAROREERT 5.

D EZHoNnT, K—5 TiE, F—1 LG
IR THRERZANT n=1,2,3 BEW 6 £TOR
HighEg L LTHIWTWD . T7abb, M—5 iz
FOREZ DN T NE D IZXAI LT

n=1 DLE, ¥Hed L TGAZKR,
n=2 O&E, AL L TGEB)EXR,
n=3 OLx, FHikkE L TGO)EKR,
‘n=6 OLE, AL LTED)ZMR

LTW5.

ZOFFORERS k, 7%, F—1 ITHEL TV DHHE
D OFERZGT, FEHEIER AR 2 REBURTErs
WEOREERET 5. K—5 TiX, RKE2HEER n
OFBANEDNANLD n THDHNERDITFT V&
KD n ITHY T a2 FINICESEZRLT
W5,

F72, KO L DO THI | FHORLDIZHE
FRTHELRNLER DB hpw) 1E, X((2.9) TR
TREEER A0 D 2 BBy A BT 2 2
FEO BB OO —> ¢p(u) +ud(u) THY,
FBHROIXZ O 1 BEOEERE d(uw) ZRTHE 2 EKT
L. ZOZEEIARBROFEBTIIHEEICHEETHD.

TiE, BEAOE&RECAAL EAMES R WERS
I TH A9 . B EERLERD D kKI5
oY

—-ni—-1=0 (5.5)

DIRD IS 151913

A= (5.6)

Th 2 1510,
—J5, AETIE, XGE3HEHNT

1++V1+4n

D(ky)? = — - (5.7)

LR T E DHAD, MRA k, ZERTEREZ R
kR
Tbb, X(5.6)&(B.D —oDHXUTTTMHD
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MR & B4 2T 2D T & MR L O%MA X 13

/\Jﬁ@$ﬁ77|j\7 TEBLLHYE 4 REXNMZOHNLD
DICHMENRBWEEZ BND. 202 & 2 Bard
5:&61/%\?&0)3%%?3‘05.

6. WEEL k
OF ¢

X—6 D(6ANZIE, ko = o0 THEUEIEHI3ARIZHE D
BREMER d(0) =1 ZHINTW S, B2, n =
0 #15%. L7enoT, fithikt (7 A~<27 hh) 2

(272 5 A 550 =D 5, Theodorus DRRSE D
1&3%}#&%%@%4%%\1#5& ZDOZENDN
LD, ZOLEOMERRIL kg =0 O, FE
BRI I TARMEE B0 A & R U CRBug e 2 B R b4
HZEIFARFRETH S,

FERIZ, ki =0 DFAITHO VT HREALTE 72
W, EZAR, G205, n=12 PRKEDH. n=0
N6 12 F TOMNRBIENE O L@ e B BERIE, 4 =
&5 BIORTH—3, M—4, K—5 OZNE NI
AT L0 LS ICHFELTEHDT, ZOZL%E
BEIZ, 42 TRLE n>—-0(k)™2 OEWE L2

k=0 % k=0 [Z&BREIZNE

(6A)

Note:
Equilateral Triangle

Spiral of Theodorus with

Wo=+1-1)

That is,

Case: n=0

¢(u) = \/ﬁ

and @ as its cumulative distribution function in this study.

! exp(——uj Du) = I ¢(z)dz

T 5.
Thhbb, BEEEROV % n fFL71 ndk)?
FRE L KI5 4 >R

(k)y1— d(k)2 =1 (6.1)
(k)1 - 20(k)? = 1 (6.2)
(k)1 - 30(k)? = 1 (6.3)
(k)1 - 4d(k)? = 1 (6.4)

%, B2 52T ORBORHENBMIEF 22 H L
72 Theodorus DIRFEZ i< AKX THZ L LB XD
nos.

Wkt (n=1) CHEBETA%A121E, K. 1)71
DR L CHBEALN AIRETH D, AR m=2) |
WA, D01 (6.1)EX(62)ICRE SR
5. AfflCAf&l m=6) OFELR(6.D1 LK
(6ETHIEMNTES. 20X HIcELDE, n=12

DAY, ERE 4 NEIEH L2 ZARIC L A RE0E
JECTHDHZ Enbnd. T7bb, X(6.1))HH(6.4)
ii%%@fL@ﬁéﬁl%N~X’Lkﬁ&@%
% JLUE L B RESR  D I BHR L 7K /N O #LE T

(6B)

Generally, ¢ is an inverse golden ratio and @ is a golden ratiq when we think of that.

However, we consider ¢ as a probability density function of standard normal distribution

504 4 Case: n=12

k=, D(k,)=D(0)=1 U~ N(0,1%)

Ok )1 +0x D(k,)* =1
j-th base length of the spiral=/1+ j-D(k,)’ =1+ j

(j/=-10,12,--)

u
‘ Right Isosceles Triangle

These spirals are invisible because k, = or k,, =0.

1
ky, =0, O(k,)=D(0) =E
Dk, )1+ 120Gk, ) =1
j-th base length of the spiral = \/1+ j - D(k,)* = }1 + i

(=—4-3-2,-1,0,1,2,-)

—6 MRS 0 & HERK AR & & OREHERIE O {5
Fig.6 Geometries of Spirals using Pythagorean Theorem
about Probability Points of ®(0) = 1/2 and ®(0) =1
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5. FLT, TORNOZMIENEMA 0=/
IS, B/ DO=AEN5 3 FHO AN IE=ATE
W2 AN S, Zd X HIC LT, Theodorus
DOIEREDS, JER B D\ FHME/N % £ 5 [BllE 2 FR LT
WL ERDbND.

X512, n>13 T, REUREED @S O BIHRILAK
SLTERY, BEEESSMEHCD R BITADHEE
BT HMERENEOND. ZHOIZET L5k
BTN T, F BT H0 ISR D TR,
7 BT, BEDP S TWDLEDIETH HHERMED
O —EZ2EHT 50T, wETELND L HIT
BEEL CHTIE L.

PLEDS, ABOFTED T L 2 DU E AR IS
B L - feo itk T 5. 7 ETIE, % (%%
1) WBIEDOREEICHOWT, ARoOPLEREETY
HHEXITTADERIIESSELFEFEHL, 6 &
LF—1 TR LR LN BELEET
9. LEN-T, =128 n N 00D 12FT
ERRCEE LS AL L2 HRRGE L T <.

7. ®EEM, B8Rk, ik, €O
#(FA) RRROEMPHRE

M—7 OOIMTIFE—1 1B T D n=1 OEE
Mok WCEDEEE D LT, Bl RKORBEL
L T, Kepler D =T DEMEHEN 2 MR LT\ D.
[FARIZ,

c—7 OOB)NZIE, n=2 OELRN ks I2XDHH
FiE 3 ezl Yl N
c®—7 DICWTIE, n=3 DOHERE ky 2L D
itk x b Lz,
«X—7 D(ID)TIX, n=6 OFERML kp I2XDA
EE b &I

& Kepler D = 2 YRR T 2 5 A 8 HE D i AR
R L TV D . FEARNEDH DTSR EE & FEE
N2 Z OMEENI, Descartes (7 #7/L k) < Jakob
Bernoulli (Y27 « ~)LX—A) BEDOTFZZ LT

X THD W, LT, BIEOHIE 2 #ifii i
< NETH DD, AETIE, AIEE TOREEFRIA

ERFET D72, BERA 2 FHAERNE (0 5 = ATR D
MR 2 T SRR 5.

71 BELEEABIEOEE

ESNER
k)1 + D(ke)2 =1 (7.1)

LLTHRYES. ZoOREFHLTREETS L x
O(kg) 2 =1+ d(ky)? (7.2)

73 Kepler ® =ffEZ & LTIV # 25, [FIFFIC Kepler
D =AM OEILRTH 5 K—1 D(1A)X°, Kepler
D =T DFEHEIEDILKIR TH 5K—7 D(TA)IC
IR 5 X912, TOMMET 21D ZF 50T
R REFRHAL LTI ZEBAMRETHD. 72
bb,

P(ke)? =
k)™ =
P(ke) ™ =
D(ke)™® =
CD(k ) 10

= cb(kG)O + q’(kc)z

= ®(kg)™* + P(ks)°

= D(ke)™ + P(ks)?

= ®(kg) ™ + P(kg)™

CD(kG) + d(ky)° (7.3)
D(kg) 272 = Dke) ™ + D(kg) H*?
LRIND. ZZIT,
Z OBARAT

j REORKTHE. Z LT,

q’(ka)_z =1+ q’(kc)z

P(kg)™ =2+ d(kg)?
D(kg)~0 = 3 + 2d(kg)?

D(kg)~® = 5 + 3D(kg)?

D0ke) 0 = 8 + 50k’ (7.4)
‘D(kc;) ) = Fiq + F - (kg)?
EHRFLTE D, 2L, Fibonacei %1 W& B
% j wHIONTEINOM F ICK DM E LTH
HMTHhHDH. T72bb, XI)OFERERIL, Z0Z
EEVHIZEDERAFERE L TEZEHLEANTHD
Ebnd. LieRoT, =7 OIATRT LI
WA AR Kepler O = MBI X D S AR ERE S
I%, Fibonacci #4%1% FNTZ B A D1 OIREE DK &
LI INTH Y, £ DORMAIFHVREDN IR T 5.
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72 HBAIRLLEEABIEOEE
7:1 LRERIS, B—1 BIOE2 IR THERS kg
En=2 2XKGEDITAT D L&, AR

® (k)1 + 20 (kg)? = 1 (7.5)
MNofEoNns. e P LTERTS &
(k)2 = 1 + 20(ks)? (7.6)

I%, Kepler ® = A4S H L 7o & MAIRNEDILKIR &
LTE&MX&% Thabbh, K—7 O@OBIZXKRT

HX 90T, MIEDYEREN&FL LTHIC Z LA
BETHDH., ZOZ L2 TFHOREIERATEIRT
ANSY b

cb(ks)_z = q’(ks)o + 2q>(k )2

D (ks)™ = D(ks) ™% + 20 (ks)°

D (ks)™® = D(ks)™ + 2D (ks) ™2

D (ks)™8 = D(ks)™® + 2D (ks)™*

D(ks)™10 = CD(kS) + 2d(ks)™® (7.7)

D(ks) 272 = q)(ks)_zj + 20 (kg)"H*?

EFIRTED. 22U, j REOEKTHS. 0
Lx, RTHEFRURET2HFOERAZZE LK
EU1ES

x—2 TRESBILEARER

(k)2 =1+ 2 x 1d(k)?

D(ks) ™ =3+ 2 x 10 (kg)?

D(ks)™® = 5 + 2 X 3D (ks)?

D(ks) ™8 = 11 + 2 X 5D (ks)>

B(ks) ™10 = 21 + 2 x 11D (kg)? (7.8)
D(ks) 2 = Sjpq + 28; - D(ks)?

& Fibonacci # & REEDE 2 FIZHE>T\WbH. ZD
ZEnn, X@A8)DOH THID “HHOBX DR E O
Siv & S BIEMEL LT2H2 0 BHN O Sy, =
Siy1+2S; L LCRBBFARETH 5.
FRICHEIBRVE O AU, AT KR L bxtb s
DIEF ORI % Bk LI-E A 550 = A E A
A—=TF 5T ENRZ. [X—T O(TB)TlXnldsf
ﬁ:w4f%éﬁ%*“ = A OILK I L OHE/ I
HLAEHTHDH I ENMRTE D, Lido
T,E@m&ﬁﬁmaﬁmﬁ7#4/@ﬁﬁfﬁﬁ
ENHHHEREDLZENTED.

7-3 HiALLEEABIROEE

7-1 X0 7.2 TlE, HELSASLEZIRYH -7,
ZZTCREROEB X T EISH LR T, £—1 BX
WEK—2 ITRTHEER ky ICXDHFEHLE n=3
2GR A LT

D(kp)y/1+3D(kp)2 =1 (7.9)

DFEL L D PR

Table 2 Comparisons about Major Metallic Ratios, Platinum Ratio, and These Related Ratios

Proposed Equations Squares of Proposed Equations Related Ratios
J1+00(ko)? = 1. 14 0d(k,)? = 1. n=0 ko = o
J1+10(ks)? = 1.2720 1+ 10(ks)? = 1.618033 - n=1 Golden Ratio
J1+20(kg)? = 1.4142 - 14 2d(ks)? = 2. n=2 Silver Ratio
J1+30(ky)? = 15174 1+ 30(kp)? = 2.302776 - n=3 Bronze Ratio
J1+60(kp)? = 1+6®(kp)? = 3. n=6

J1+120(kyp)? = 2. 1+ 12d(ky,)? = 4. n=12 ki; = 0.
J1+ 720 (k,5)? = 3. 14 720(ky,)? = 9. n=72 kyp = —0.43073 -
14 240D (kpso)? = 4 14 240D (kp40)? = 16. n = 240 kpao = —0.67449 ---

\/1 +m(m = 1) (kpam-n))’ = Vm

1+m@m— 1)<D(km(m_1) )2 =m

n=m(m-—1) —

Note: ®(k) is based on Equations (5.7) and (7.25) because ®(k) = 1/v/m.
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v

Dk )1+ Ok, ) =1

k, =0.7931383---

O(k, )™ = D(k,) ™ +D(k,) Dk )1+ 20(k, ) =1

kg =0.5449521---
O(ky) V7 =@k + 20 (k)

Logarithmic spiral using golden ratio

and standard normal distribution

Logarithmic spiral
using silver ratio and

standard normal distribution

TA 7B
(7A) m ok, ) (7B)
Case: n=1 g Case: n=2
20(ky)? 2k, )’
= s
— 20(k,)* \E— s
(k) S 20k, )
u =T u
20k,
1+ ®(k,)? =1.61803398--- (Golden Ratio)
1+ 20(k,)* =2 20(ks)
1+3@(k,)* =2.30277563--- (Bronze Ratio)
1+ 6M(k,)* =3 O (k)"
v 1+ @(k)? =1.27201964---
Logarithmic spiral Logarithmic spiral using bronze ratio

using platinum ratio
and standard

normal distribution

D(k, )1+ 6D(k,)* =1

k,=0.1951194---

6D(k,)
Case: n=6 6D(k,) " o
(D) 6D(k,)
Note:

Generally, ¢ is an inverse golder
However, we consider ¢ as a prd
and @ as its cumulative distribut:
That is,

J1+20(k,)* =1.41421356-- - (Silver Ratio)
J1+30(k,)? =1.51748991--

J1+60(k,)* =1.73205080--- (Platinum Ratio)
Ok ) 272 = Dk )™ +3D(ky) >

D)7 = Dk, + 6D(k,)

30(k,
3 (ks)

and standard normal distribution

Dk )1+ 3D(ky)? =1

ky =0.4096890---

300t

ratio and @ is a golden ratio when we think of that.
bability density function of standard normal distribution
on function in this study.

U ~ N(0,1%)

#w) =

NEY3

1 exp(—%uzj, D) =

L’; d(z)dz.

70)

/} 30(ky) ™

M—7 wakt, AL, FE, Beblc ]2 BB % A RREE O TR PR

Fig.7 Discrete Geometries of Logarithmic Spirals using

Pythagorean Theorem about Golden Ratio, Silver Ratio, Bronze Ratio, and Platinum Ratio

ELTHEY -7, ZhEFHFLTRETSE IR TE 5. HEABEEOMEIL, FHICLHE
FIRNE HWTHIK 2 E N ATREZR DT
®(kp)™% =1+ 3P(kp)? (7.10)
cI)(kB)_z = q)(kB)O + 3q)(k3)2
I%, Kepler ® =A% 5 H L7 S AMEHEDIERIR & (k)™ = D(kp)? + 3P(kp)°
LTHRYHZS. D(kp) ™ = ®(kg)™* + 3P (ky) 2
Thbb, Zo&ELEKOBEEZK—T D(7C) D(kp) 8 = D(kp)® +3D(kz)™*
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D (k)10 = CD(kB) +30(ks)"¢  (7.11)

‘b(kB)_Zj_z = CD(kB)_Zj + 3q’(k3)_2j+2

LERIND., 22T, j FEOEKETHD. LR
2T, BOINZ X HBRAS £

®(kp)™2 =1+ 3 x 1d(kp)?
D(kp)™* =4+ 3 x 1d(kp)?
D(kp)™0 =7 + 3 x 4d(kp)?
(k)8 =19 + 3 x 7D (kp)?

D(kp)™10 = 40 + 3 x 19P (k)2 (7.12)
‘b(kB)_Zj = Bj4; + 3B; - @ (kp)?
LR TES. ZokE, M—7 OOOWKIE V3 1%

DEIIMEEENDIEASTTELENRAZD. B
DIAGKTH LN LGS 505, KHRTHRYE
TEE BRI LT, KEOALEELRETS.

7-4 HBELEFABIROEE

7105 7-3 T TLREERIC, ##—1 BLUOFE—2 TR
THERA kp 12X 2A%KE n=6 2XG. DI

ALT
D(kp)y1+ 6D(kp)? =1

IHnEVH L TRMATS L

(7.13)
LTI HFK-T.

D(kp) 2 =14 6D(kp)? (7.14)
I%, Kepler D =AFEDISHME LTV A 5. [F
RRZX—7 OTDNZKIRT 5 L 918, EAIEHEDMH

Mz &L LTHIK ZENFRETH L. T7220D,

D(kp)~? =
P(kp)™ =

= (D(kp)o + 6(D(kp)2
= ®(kp)™? + 60 (kp)°
P(kp)™® = P(kp)~* + 6P (kp)™?
q:’(kp)_s = cb(kp)_G + 6cb(kp)_4
D(kp)~10 = D(kp) 8 + 6D (kp) 6 (7.15)
‘b(kp)_Zj_z = cb(kp)_Zj + 6q’(kp)_2j+2

LEEAND. 22T, j IEOEETHS. LM
2T, ZOEHDOBRERAL £z

d(kp)2 =1+ 6 x 1d(kp)?

D(kp)™* =7+ 6 x 10(kp)?
D(kp)™® = 13 + 6 X 7d(kp)?
D(kp)™8 = 55 + 6 X 13D (kp)? (7.16)

‘I’(kp)_Zj = Pj+1 + 6Pj ’ q’(kp)z

LRI TE D, A0, K—7 OIC)DOFHL T
B LIEZE=ARE2X—7 OODNI L&A TH
5. RMTHERYI S FIETRATZOTHW TR\
DIEVFIRE Lgu.

75 HIDEE
UbxgElws e, F,
FEINOMIX, j=0123, IZ

S, B BEG P T
BT

Fy=0
F=1
F}'+2 = F}'+1 + F] (7.17)
Sy =0
S =1
Siv2 = Sj41 + 25 (7.18)
By =0
B, =1
Bjy, = Bjy, + 3B; (7.19)
Py=0
P =1
Piyz = Pjy1 + 6P (7.20)
R HERANELND. FLT, ENHLERRLEZ
HMBHENK—T DIA)NH(ID)THDH Z LTS
MTHDH. IHIZ, FARHITHERN 5 O FEHE TR
SNDEM ) =M E AR L LT, A4kt
WIXIE=AENRINEEL L TERB SN TE
D, 24 51T Fibonacci 208 DE % 5 % )5 H L 7= BAf%
DR TE 5. EREIZE, E= ﬁﬂ‘/%ﬂﬁﬁ =
ILREEICF LA n=12 OBLETHH
J5H. FO—fFlE LT, E=MAF%K—S 0)(8C)ﬂ:
ALTWD. LEMNDS, ZRHDOKROERLEE
L7278 &, Fibonacci 84 D& z J7 & 3w i U 72 5411%
DEMBTEL B L TIEKRT 2 Z L DR TE
2.
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v v
2 2 _
Dk W1+ D(k,)" =1 D(k,) 22 =Dk, )™ + Dk, ) D(ky )1+ 2D(k;)" =1 o
k, =0.7931383--- kg =0.5449521- - Logarithmic spiral
Logarithmic spiral using golden ratio using silver ratio and
and standard normal distribution DOk) > = Ok,)™ +2D(k;) ™ | standard normal distribution
(BA)=(7A) (8B)=(7B)
n=1 20 (k)™ 20(k,)° Case: n=2
2®(ks)4«/\‘[ =l ,/,
\ [ %= 20(k, )
u = N
7 Silver Ratio
1+ 0D(k,)* =1 20k, )
1+1®(k,)* =1.61803398--- (Golden Ratio)
1+ 2Dk, ) =2
1+ 3®(k,)* =2.30277563--- (Bronze Ratio) »
Golden Ratio 1+ 6(1)(kp)2 _3
1+12d(k,)* =4
(9] oGk} ™
1+ 0D(k,)* =1
U~N(, 12) +o0) Proposed Equation :
1+1dD(k,)* =1.27201964---
Ok, )1+ nD(k,)* =1
1+ 2®(k,)* =1.41421356--- (Silver Ratio) k) If ")Zj 4 Y20 £ Y202
v Ok,)™ =D(k,) + n®(k, )
Memorial Picture: 1+3<I)(kB)2 —1.51748991.- N )
The Spiral Staircase of and O(k, )™ = I/+1 + IJ -@(k,)
et . . .
The Library at Omiya Campus 1+ 6@(kp)" =1.73205080--- (Platinum Ratio) based on [, =0,
of Osaka Institute of Technology JL+120(k,)* =2 I, =1,
(September 2020) I,=1,+n-1

Case: n=12

hy (1) = Pp(ue) + ud(u)

)

1

[o,

Logarithmic spiral
using correct platinum ratio
on the top of

standard normal distribution 5

120k,

ky=o0

Equilateral triangle

True Platinum Ratio

1
iy =0, D) =@(0) =

D)1+ 120(k,)> =1

q)(k12)72]72 = (D(klz )72j + 12(1)("712)7214r2

RS, "G

s

—

——

—

120(k,) "

k)’
120(k,)’

ks =0.7931383---
kg =0.5449521---
ky =0.4096890- - -
kp =0.1951194---
k,=0

120(k,)™

120(k,)”°

It is practically invisible for us to see this chart of spiral about the true platinum ratio
since the probability point of standard normal distribution is 0.
However, we can feel the divine numbers 0 and 12 in our minds throughout the relation

between equilateral triangles, squares, and circles with the standard normal distribution and the spirals.

X—8 4,

©Shingo Nakanishi, OIT, 2020
80)

120(k,) "

Moreover, we can also imagine
the other sequence of that as follows with 3 and 4
from an extended model of Kepler triangles.

q)(klz )72]72 = 3(1)(]{12 )72] + 4':1)(]{12)72/+2

FIEREE, E o [4H FE T ORI A RIE O rTHA L

Fig.8 Visualizations of the Discrete Geometries of Logarithmic Spirals using

Pythagorean Theorem about Golden Ratio, Silver Ratio, and True Platinum Ratio
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IEHEEHMT L ©F T T A0 FER L IRfES KO 19

INHOZ Enbbnd ko, £ ITIFRE
L7z 548 I B 2 F U OB OB RS R &
BHLTWD., b OHECHIE, EkrbEL
WHER L L TInE TR0 LN TEE4LL, Al
b, HkbE LToESRILSY, BE&RBIICEEN
ol A&t E Ol E LT HIERITBRE .

— 5T, ADKEERORFEEHNATS n>12 12
DNTHR =2 (TP ETEFH LTS, —filL L
T, H 1 USNHERTHD dk) =1/4=1/V16 %
IRTHERE L 72D kyyy = —0.67449 -+ [TOWT,

n =240 = 16 * 15 (7.21)

BIOW
2n+1=162+152=2x240+1 (7.22)
DAL T 5. B2 ICHEEFLHE LWy n &

m (ZOWTHREINEZRAT D &, BARMISTERT
E 52D D— AL

n=m(m-—1) (7.23)
LEFRT DD, b LI
m2+(m-1>%=2n+1 (7.24)
DRED.
PLEMND, F—2 2503 HE 2 BfRA
1+m(m—1)dk,)?>=m (7.25)
NG, 5EORG2)IE
(k)™ =Vm (7.26)
F7lE, £FRRLELT
md(k,)? =1 (7.27)

NEBLELSEN TS, LER-T, ZOLED n
DELIL, MR k, ZRODUITI VNI L b»
L. Thbb, n IZEET S m 13RS k, TO
BN THER d(k,) OWED “FIZK
B2 2 EMRET-OT, ZOMEN k, #HET

DHLETHD.

Bl Z 0%, AR THEY - 7-H4et, ARk, H
e, H&ICEL T RICEET S X, m=
Golden Ratio, Silver Ratio?, Bronze Ratio, % L < I
Platinum Ratio? (2R 25 n X

n=1x(1-1)=0
n = Golden Ratio X (Golden Ratio — 1) =1
n = Silver Ratio? X (Silver Ratio? — 1) = 2
n = Bronze Ratio X (Bronze Ratio — 1) = 3
n = Platinum Ratio? x (Platinum Ratio? —1) = 6
n=4x3=12
(7.28)

LELERSIHEOLND.

L AT, KBRORBIEO=AT L UATE (EHF)
WIZHRAT, TOAEBRENEN 3 & 4, A&LLE
G4 EaR (FEat, Ak, HHHk, A
&tb) EOFEPHLENHRLS Lz & S IZBn-EER
BTN 12=4x3 THDHELEHELY SEHFOT
LR A X B, B IIBEICRAE L CTEENE &
DU TWRNE &2 EFR LTI L.

ZDED, BEZEENDP> TWDHZ &Mt
L. K—1 ODfEFEHR k=0 Txr7T @&0)=
(k) =1/2 ZHWD 2 BIX

cb(k12)_2j_2 = q’(k12)_2j + 12‘13(]‘12)_2]'Jr2 (7-29)
LERIFFZ, 33 BELT4 2T
D(ki2)"272 = 3D (ki)™ + 4D (ky,) " (7.30)

LRLTED. b LLIE, X(T30)0EEEHEZT

12 X O (ky,) 22

= (V3)" x ®(ky) ¥ + 22 x D(ky,) 22 (7.31)

»+ 1: Platinum Ratio = 1:V3

EHLERETED. ZoXA3NICHLE X TT ADFEH
BROND.

£, ki, =0 THDOIPBIZAHEILIZTTE 22D
T DA, HEREEH AR OMERS ky, =0 Z2X(2.6)
WRAT D&, ZOMREEREAKEF UL hp(ky)
i
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20 e

hp(0) = ¢(0) + 0 x @(0) = ¢(0) (7.32)
RDT, MERE ki, =0 2R Z O T AR
B DTE LA EWT 5.

L7ehi o C, HEHEIEHL A OfERE BB D TE
Wl 3 < EASRITFAUE T E oy n=12 OffEE
Mok, =0 TEHDLD, AR THLMNZILTE
EMPHEO RO HFIEEISHT 572 51F, X—8
DEONZART K ) ITHi < EMEIEORIEIZ LY, 1E
S L IEIE & E R OMRN k=0
DRTELWRMEN R REAERDLADE TV
ENRERTE S,

PLENS, KRRITRTEX T AOEH L FEREE
AR RS < MRBEE & 1 X(5.3) &2 AL HEICHEIE L
T, n=12 OH 6T, TO—FEADONZ FRHAL

(D(kn)_zxo — cb(kn)—zx(o—l) + ncb(kn)—zx(o—z)
(D(kn)—le — (D(kn)—zx(l—l) + Tl(D(kn)_zx(l_z)
(D(kn)—zxz — (D(kn)—zx(z—l) + Tl(D(kn)_zx(z_z)

®(k,) "% = &(k,) 207D + nd(k,)20-2  (7.33)
H LT

q)(kn)_zxo = 11 + nIO . Cb(kn)z

cb(kn)_ZXI = 12 + n]l . Cb(kn)z

Cb(kn)_zxz - 13 + n12 N Cb(kn)z
D (k)™ = L4y +nl; - D(ky)? (7.34)

ThHLILIRTES, FOHMBFED R, TIT D=
8 DOFHIFEE T Fibonacci 2041 2 95 KARER L 7=

I,=0
L=1

liyy =1lyq + 1l (7.35)
LERFLTED.

RRIZIR DD, AR ERR LI KR TERFOKR
By R H DFREITIL, BRI BRI
DEDHEZAEDENLMELH OB L, E5Y4
RRIARZOFRCTH T A B —BEliH T H - 7R e
PR 5. MERE, A& —F vy FTXEREZ T
DFRBEDR L, KIELE OMRIERS B I IAFFEIC B 72 3
RO — o oA ThHoTo. BFEOHFEAIE

K2 T, RPMOWRIEREE DRI % KD 7= F1EIC
BbrEELERE L TEDOEE (2020 49 A HIE
DHD) ZX—8 IZIRMT 5.

T, KRERREOEIZHIED 5 HFHEIENBIR
gl 2 52 1 TR sC & JE S, YRRIEEE S 03ME 2 72
DI TlE AW 7 M = 7 Illustrator & Mathematica
B2 TWEE, FAE» DRSS E TOEREL K
72 L AEAEERL AT O AT FEIZ OV THRUERAIZHE %
TWelEWleZ L2 EWHTASHRETHS. 4l
OAWEIREN L F72EH LN S ZOAZ A L EE N
THR L7 2 & &Rl & 251 ORf s BItR & Ff o2 0
HROT-DITHAFTL L T E 20,

n=1 TIE, BE&LOFEFHIZLDMRNLIZTE
0, WERERIEA Y O P CHERE, HEk, B4
RSO AEELEN R o0, n=12 T, kR
Z% 21 TELTHY, ERIITIARTHR L Z &0
TEXRVWHERM ky, =0 TEHDN, E-fAF4E2HA
FUL LB B&LOT A UM 7-. ZhnE
72 BARFL 72 D IR FEAT O R RAAENL D DD T EH
WIEEF VD 220,

ETHELWEKEN L, K LN ofiiy-s%E
B LT, [XM—8 D (8ONZITFEAEE B 4340 D 2%
RNETH HHERBEERBROE EE —EICfR LT
B HBRECEALADLHEIL, n=12 PHETD
FEUZOWTEOMBA 21T > TIE LV,

8. BMEERNMEMABHBELFAREICK
3 E= AR OERFRIRHE

ARETIE, TEFTLFHEEEZE X Ttk ¥ 5.
X—9 D(9A)H 5 (9F)F TO Nx, FHH D FATHISE
DIESRD—EZETE LTSI HThH 5. EHEER A
BT 22 7 20 FER (2 HOER) & 5k
WHEW T & il L D03 S E R 4R LT
5. ZHOIIEEEEH A OBEEERLHLS Y O T
A OP LB 2 R L CE M, ZAF, &
T a ki O T Te IE= AT ORI 25 TR Lo &
XORETHD V. ZoOBEEEAMOBEKRENS
NCT DD R LI DOTh D, EAEEH S
WZIEGEN RO 7214 3D, RfE TICHBHT,
EA AN ERE R TE D, 26 DRITH
FEDX % H\Z L2 —9 D(9A) B (9C)IE, FEAEE
HAAn OfEREE (7 A7 ) & L ICREE LT
TSN T, HEEFENIEND 723 5 E A =
AR EHN T TH S.
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Concept based on squaring the circle
and fixed length of

(9F) the radius of circle (9E) YD)
on standard normal distribution is based on K fsbased o o
S oSy s
N | i e | P
e~ Z ot
[t il
W il
St T4
P e [
7" O S e
77" The area of the|cyancircleis 1. %
The area of the|red square is 1.
/=0.056989451 --- /=0.195119 -- .
With
©H) 6) Equilateral
Triangles
1
k:zx0.612003~~~ k=0
// 1
1) (L) Pythagorean theorem r/* 4/ {\:}\
is based on 3:4:5 ///4} 1 (9B)
A .
B) N /
— // \2‘ Z /., '
/ ==z B
Tisometric projection 3
for heart shape
1 3
D(—k) =—,D(k)==
) =2 =7
Ip(u) = p(u) +uP(u)
from iy (u) + ulp ) Iy () = 0

1

== = .- eay=20 __1
k= 5 x0.612003 k=0.67449 & =G0 = o
from g, (u) + ug, ()t g (u)* =0
and mp (i) — iy (1) — ivp () = 0
(CD)] K) "
is based on Radious = 2,1+ @(AR
2=0.612003 - /
A=~ H
k2 ‘ 1)
—_— 7
i [
g <+ I( ) S
i 3
12 rhombuses ¢(k) =2kD(k) ¢(k) =2kD(-k)
or 12 diamonds
3 - A=0.612003 - - -
k==x0.612003 -~ k=0.612003--- £=0.612003 ---
Refs. 4

S. Nakanishi and M. Ohnishi, “Rotationally Symmetric Relations of Standard Normal Distribution Using Right Triangles,
Circles, and Squares -Ordinary Differential Equations, Pythagorean Theorem, Equilateral Triangles, and Golden Ratio -
(Theory and Its Application of Mathematical Decision Making under Uncertainty and Ambiguity) ” ,
RIMS Kokytroku, Research Institute for Mathematical Sciences (RIMS), Kyoto University, No. 2158, pp.171-183 (2020)
FIPEEIE, http:/www.oit.ac.jp/center/~nakanishi/english/img/nakanishi-2020-07-07-0612003-067449.gif, (accessed 2020-07-07).
HEEIE, REERDHEORMFNNIE — ZFHOERICLDRBERETE —, KRIFEAFA/N—2 3771 X2020,
https://www.research.oit.acjp/sangaku/event/OITID-2020/seeds/seeds-4444/, (accessed 2020-09-28).

M—9 ~— hE (k=0.67449-) & 2EOX A ¥EL B (k=0.612003 ) R LT
FRYEER AR, M, =AJF, IESRIC & 25 AKIEDRMF2RRHE & B9 5 FREREO T b
Fig.9 Isometric Projections using Standard Normal Distribution, Circles, Triangles, and Squares with One Heart
Shape and Twelve Rhombuses and These Visualizations between Normal Distribution and Squaring the Circle
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— ¢, WIAEET L CIELFEOIEN Y TIES
DA DO E A A — L2 DX —9 D(9D), (9E),
OF)VToH 5. T IXMFEME 2% Bkl B bR
EHINTZHOTH DN, R0 EA SAESCIE £
VIR o i Sy el B

L AT, [M—9 DOG)H> HOOL)FE A X 1k TIEX
L7=bDTHD. KM—9 DOK)E 27 78—k« hb
— /L ANZ K B —9 D(9A) & IIZ, K—9 DL T
3 Wi (BREMEN 75 3—k v ) ITL 5K
—9 DOB)Z KT, M—9 DOGIIITMEE S n/6 &
72 HIE A ETRT—9 DOC)RL9E) V&%t LT
W=t ThHY, HEIEFERENENA/EM &2
B (XA YT R IcE AW S D Z VT
JER D Wb DO TH D.

B R X L, 27 28—k vk — LS
R ST, BRI OO KIZEBR L 7z ] D
=L« BT V0K 100 RIS o) - SR S
k =0.612003 .- 'S4 TH Y | F ORI OV THI
RLTWD. FMEZEFT 500 L5 ICK—9 D
OAMITTRTEFFIE, K—9 OOK)TIX 12 fHDZEFE
(XA YEL M) Z90FH L CHET 5. £z, K—9
DOBIIRT 3:4:5 THAR=MAkOoE X TT7 R
OFEH (ZFHOER) 72 b ONTE 3 WAL (BFE
RN 75 N— N ICHYTHMER k=
0.67449 --- "DTIE, M—9 DOL)D X 52— Rl
DT 5. FEFICHE AWV 2R R 0T, B
WY RO THA— FMIEZKR LTINS,

6 L T ETIIMRN 2500 1 OfE (RHEbHER
2350 N—k2 N) OEER k=0 &L, 7
BECIEE 1WA 05E (RiEMREREN 25—k 1)
DRI k = —0.67449 - ZHV T\, AT
3 PN (BFEMERDS 75 /8—F® > b) OMERE k =
0.67449 - NI ~7=. T72bb, ABFED KA
FORFEU T IEBL A ORI BE LT BLBRE O SR
DENENE LN,

LAMET, CG RHFEIZE S AW ER ¥
WHT 2 ZETEHICH ZENRAEETHL. 20
R, —Rio— PR oo BB LT HERE
INHRINTE N, ZEbLRITNET VA v %
B d 2 —FBEL LTARBIFEHTX 5.

Fe, vy —OEMR P — X0 =M
DL RE EFREICH LY = A—va v
TIEXARWA, —9 D(9G)H 5 (L) D K 5 (245 £ X1k
EHWD & X, FRRICEREZ#< LN TED.
JERCHT 203, ARYEERL AR DA MEDIL Y D

PN DO RESR A k = 0.67449 - & T, X
—9 OOBNIRT M EELENLEAKIEIZ LY FE
M &R AWM SRR, —9 dOL)IZ 1
DDN— MUNRHET D 2 &R HEREW. I T,
10 4ELL 2> THFFEL T& 72 27 28—k b - 1L
—JVAZHE D FER A k = 0.612003 - Tlx, K—9 D
OA)DIEFE#K—9 OOKIZ(B x4 =)12 HOX
A¥EY NL L THERE(LTE .

T7bb, MhbIIBHEERTE, EFEND
IFE=AEE EEICER (¥4 YEL M) 20lR
fbCTx, EHREHRGAMOEMRIC L HREITIEOIE
0 i a m TN IR RS R — I & L CORT
ZEMNTE.

Zo—H%E BARRIZ, FFOWIEE HP 12 2020 4F
70 7 B TH—9 DG HOL)NIRET 5T = A —
varEPIRLIZGIF 7 7 A MZ KO AL TN D
45,46).

UL EE COBIEDEREZETe 210 DOAERITIT,
FHEAT OFEETH L Rk b LAKRFHR—IQ)
M, THOERE] W REEREL NS, BEED
BELobsHEE—ERICRoNnND 2 EaB#oT
5. RVIRA E, 7 ETIE n=12 ZHO RN
ki, = 0 (TR WTHEHEEBL A0 O fif 4% B B S oD TH
Rl 72T oEOREkKE L TOE =MD
IRERRE R AL T E, RETHEAMIEIZL DR
YETE IR0 A DL W O HZ ~N— RIS T 72

%I, K—9 OHLMZE D N— MURHET 72D
T, BEOEME L THELZSI ALV,

ZFIZRE L, BICEREZBONTWDLHARNT
N, TRTOBELLLIZ, TOLE, BE, &S,
RENENIZETHLINEEBRT L2 12525912
Y, NIEBZTEXYRANOBEMD I LNTE
FT LI FOLICLT, MO bLHSNHE
IZET, HRTENENH-INETLIIC (=
VI ANSDFHK) | 9.

PO TR S 0D, NFHOER O T4 R
AFRTDHHES £, N ZHESAZ R TITIE
DN L RZ =20 700Es LitZzun, K
WX o v il TN e o TS O & L THF
T8 — hERRLIEDN, L, maSRE~OBL
RBERITIHENAZEATWEE T 251,
TR EETHD. FEBNNET LI,
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9. LIV

AT, EEERSMIC AR E ELHE S &4
BHOBELIC L AT 7 —F OEB CIlE L &5
L, [RECIEDRD &) EN 5S4 KEIC X HIER
HLHPR L. LTI O/ M TH D,

(1) W DD FEL 72 = A OFREE2SE IR
HoAiic e 2 27 20 @RI IS < REUSHE &k
e xE2 LTz,

(2) RHIRBE T 1T HE DO BLE OIGRZITVY, B8R
R aet O BRI ARE L. Zhic
£V, BEEEHSAOMEELRN 0 b LT o TH

LY G DOIREDELEE LTz,

(3) xR gl HE Ik 2 L, Fibonacci #5441 &
kDB Z TR L EOERBILZEET 5
BOMREHBDLZENTE ., THICE#ET 54
B OELIRAVFFE S RIRFIZ BN L7z,

(4) MBI L2 EHOEMRDADOEZ T L LT
JEMBDENWIA A=V hFLOTHIRL, ZEMKE
WCHEE LB Z IR Lz, 2oL &, BWd 5k
FRTA— M R EOER (¥4 vE M) %
7=,

BEE AWMoRifENI D) T, KFEELFERH
BT B S A R B NS OB D 4 R
BEIL END, REFRRE 2 WX, 4
mlH R CHRETAIEMZG-Z L 2L L THESL
L. WONCBFEE D EER I A METAVWE D
LR 5.

Flo, BHOEORE HEFESEAN L FEZOME
W22 E, ARIOFBEATET DS OR -2 &
AL, BAFRL—y g X - JH—F A TR
FEIC e o TR, HAGIESRT U X M ClERIZ A
ST EIER, WRHEEEE S S CRIERZ /2 o 7o kA 1
U, L DENLD T H L BIEGH L7240,

SE Xk

1) S.Nakanishi, and M. Ohnishi, “Rotationally Symmetric
Relations of Standard Normal Distribution Using Right
Triangles, Circles, and Squares — Ordinary Differential
Equations, Pythagorean Theorem, Equilateral Triangles,
and Golden Ratio ", /~ifESE « REETHED FIzRiT 5
BERRRIERE OB &G, SRR AT
JepTaR I ek, No.2158, 2020, 171 E-183 H.

2)  S.Nakanishi, and M. Ohnishi, “Symmetric Relations and
Geometric Characterizations about Standard Normal
Distribution by Circle and Square”, The 15th International
Symposium on Econometric Theory and Applications
(SETA2019, 2019.6.1-2), Osaka University, Toyonaka,
Osaka Prefecture, Japan, 5 15 [BIFHEREF O &
ISHRICRET BERS S AT o SRR, KRB
By LRA,
http://www.oit.ac.jp/center/~nakanishi/english/SETA2019-
06-02Nakanishi_modified paper.pdf (accessed
2019-06-05).

3) S.Nakanishi, and M. Ohnishi, “Geometric
Characterizations of Standard Normal Distribution — Two
Types of Differential Equations, Relationships with Square
and Circle, and Their Similar Characterizations —, A~
FMED T CORMRER G & Z DI « FHEECD
JEEBH, HUHRARERATITEATR R FEik, No.2078, 2018,
58 H-64 H.

4)  S. Nakanishi, and M. Ohnishi, “Geometric
Characterizations of Standard Normal Distribution — Two
Types of Differential Equations, Relationships with Square
and Circle, and Their Similar Characterizations — ({&1E
h0)”,
http://www.oit.ac.jp/center/~nakanishi/RIMS2078-10(Mod
ified-Version-on-November-22-2018).pdf.

5 TR CRIRIERT), "FHEEZ5E LA
T ORI L7 — LOREFIZHT 5T X TORE
DIEFFE B OR TR & £ ORI TIEBROBIR", A
AAR = o A Y Y —FLROGRHIGE, 55 55
#,2012,1 H-26 H.

6) “Kepler triangle”, Wikipedia,
https://en.wikipedia.org/wiki/Kepler triangle,

7) “Reuleaux triangle”’, Wikipedia,
https://en.wikipedia.org/wiki/Reuleaux_triangle,

8) “Jb—r—D =, Wikipedia,
https://ja.wikipedia.org/wiki/%E3%83%AB%E3%83%B
C%E3%83%AD%E3%83%BC%E3%81%AE%E4%B8
%89%E8%A7%92%ES5%BD%A2, (accessed
2020-09-15).

9) “Pascal's triangle”’, Wikipedia,
https://en.wikipedia.org/wiki/Pascal%27s_triangle,
(accessed 2020-09-15)

10) “Hosoya's triangle”, Wikipedia,
https://en.wikipedia.org/wiki/Hosoya%27s_triangle,
(accessed 2020-09-15).

—-125-



24 e

11) #RIGT,
7 A, 2013.

12) FRFEME, TREEKE TS EETh 2870
LA, Rt —rN 7 X, 2000.

13) Yvonne Sortais et. al, T H 7 L7 AT GR, (78054
A LUy — AT, HORHIR, 2002

14) Gary B. Meisner and Rafael Araujo, “The Golden Ratio:
The Divine Beauty of Mathematics”, 2018.

15) AT < {LIHAE - FHEASC, “HEd - AR - H8
L LI LR E, BT, NIRRT 2,
74 %545, 2007-12, 1 H-19 H.

16) Alexey Stakhov, and Samuil Aranson, “Golden"
Non-euclidean Geometry, The: Hilbert's Fourth Problem,
"Golden" Dynamical Systems, And The Fine-structure
Constant”, World Scientific, 2016.

17) “Golden ratio”, Wikipedia,
https://en.wikipedia.org/wiki/Golden ratio, (accessed
2020-09-15).

18) “wi4xtk”, Wikipedia,
https://ja.wikipedia.org/wiki/%E9%BB%84%E9%87%91
%E6%AF%94, (accessed 2020-09-21).

19) 2, [F9A Oz, 4—2n4t, 2010.

20) M, THEenEl —BARLEEH L Ee—),
SEHIRR, 2005.

21) s, TBEEHE FEEOHAE] BTy ROHES
YT — hET R W I, SEIfTHRRAL, 2012.

22) Mg, T demn®l AAROHS] B bt
FRE T CIEhR AR 1, SEINHIAREE, 2012.

23) “HgREE”, Wikipedia,
https://ja.wikipedia.org/wiki/%E7%99%BD%E9%8A%8
0%E6%AF%94, (accessed 2020-09-21).

24) “Silverratio”, Wikipedia,
https://en.wikipedia.org/wiki/Silver_ratio, (accessed
2020-09-22).

25) “E 4@, Wikipedia,
https://ja.wikipedia.org/wiki/%E8%B2%B4%E9%87%91
%ES5%B1%9E%E6%AF%94, (accessed 2020-09-22).

26) “H4xkt”, Wikipedia,
https://ja.wikipedia.org/wiki/%E7%99%BD%E9%87%91
%E6%AF%94, (accessed 2020-09-22).

27) “MIFERTE, Wikipedia,
https://ja.wikipedia.org/wiki/%E5%86%86%E7%A9%8D
%ES5%95%8F%E9%A1%8C, (accessed 2020-09-22).

28) “SEMAX]E”, Wikipedia,
https://ja.wikipedia.org/wiki/%E7%AD%89%E8%A7%9

=Mt REE, Rt —

o
oH

2%E5%9B%B3, (accessed 2020-09-22).

29) EHE, A)IEHE EILEEY, AR, TS
M = ERT G301, 2019

30) B.V.R. Gupta, and M. Raja Roy, “Engineering Drawing
(English Edition)”, I K International Publishing House,
2008.

31) “fREdRE, Wikipedia,
https://ja.wikipedia.org/wiki/%E4%BB%A3%E6%95%B
0%E8Y9E%BA%E6%:97%8B, (accessed 2020-09-22).

32) “Archimedean spiral” , Wikipedia,
https://en.wikipedia.org/wiki/Archimedean_spiral,
(accessed 2020-09-15).

33) kI, Wikipedia,
https://ja.wikipedia.org/wiki/%E5%AF%BE%E6%95%B
0%E8%9IE%BA%E6%97%8B, (accessed 2020-09-15).

34) “Logarithmic spiral”’, Wikipedia,
https://en.wikipedia.org/wiki/Logarithmic_spiral, (accessed
2020-09-15).

35) Tomoyuki Mogi,
https://ja.wikipedia.org/wiki/%E9%BB%84%E9%87%91
%E6%AF%94#/media/%E3%83%95%E3%82%A1%E3
%82%A4%E3%83%AB:TomoyukiMogi_GoldenRatio S
ameAreas.gif, (accessed 2020-09-23)

36) “Spiral of Theodorus”, Wikipedia,
https://en.wikipedia.org/wiki/Spiral of Theodorus,
(accessed 2020-09-15).

37) THEELE, “FEEEZEBELTMAR— N7 U A
BIIDT 7T 4 ZTIEROANHERNE, A KK
KPR BRI E R, 17777 77,
2015.

38) “WAMIE, Wikipedia,
https://ja.wikipedia.org/wiki/%E3%81%9B%E3%82%93
%E6%96%ADY%ES5%86%99%ES5%83%8F, (accessed
2020-09-22).

39) “/N— FOFFEAD,
http://zellij.hatenablog.com/entry/20111205/p1, (accessed
2020-09-22).

40) Kelley, T. L., “The selection of upper and lower groups for
the validation of test items”, Journal of Educational
Psychology, Vol. 30, No.1, 1939, pp.17-24.

41) Pearson, K., “On the probable errors of frequency
constants”, Biometrika, Vol. 13, 1920, pp. 113-32.

42) Cox,D.R., “Note on grouping”, Journal of the American
Statistical Association, Vol. 52, No. 280, 1957, pp.
543-547.

—-126-



43)

44)

45)

46)

47)

48)

49)

50)

51)

IEHEEHMT & © 8 T T ADFER L IRERS K O%EA

“v oY e Ty —", Wikipedia,
https://ja.wikipedia.org/wiki/%E3%83%9E%E3%82%
A6%E3%83%AA%E3%83%83%E3%83%84%E3%
83%BB%E3%82%A8%E3%83%83%E3%82%B7%
E3%83%A3%E3%83%BC

(accessed 2020-11-21).

X —2XDO =, Wikipedia,
https://ja.wikipedia.org/wiki/%E3%83%9A%E3%83%B3
%E3%83%AD%E3%83%BC%E3%382%BA%E3%81%
AE%EA4%B8%89%E8%A7%92%ES5%BD%A2,
(accessed 2020-09-27).

HTHEE, “AREERME, M, =Mk, IEHRICK
DEMBNEC L D N— MEE RO A 'L FE
ol (GIF 77 A v) 7, KRIRTZERY: R
15D HP,
http://www.oit.ac.jp/center/~nakanishi/english/img/nakanis
hi-2020-07-07-0612003-067449.gif, (accessed
2020-07-07).

HPEELE, “TEAEERL AT ORI PR

— ORI & D B —, KL
ERFA )= 3 T A R 2020,
https://www.research.oit.ac.jp/sangaku/event/OITID-20
20/seeds/seeds-4444/, (accessed 2020-09-28).
PILAZE BE, HEds S LARFI—IQ), FiF
7 A, 2007.

INVA T RA T 2 ANV —, (iRER
W), OB - B U< 2D 124,
amSCEE, 2000.

FHABRERNTS, T8E FdGR2017), WOHDZ
LIt 2018

=H—RS, BEE IR EmEE L 500 a~L=
I AMBR—=F T ETY, FERET V=N 7 X,
2018.

Mario Livio, (TS §R), Midsersgn? e
DOAFREEORES |, FIERE, 2017.

—127-

25





